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Real-time scattering experiments

LUX

DUNE

EICLHC

Interesting hadron-hadron and hadron-lepton colliders abound
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Real-time scattering theory
Lepton-hadron cross-sections can be predicted using QCD + 

electroweak perturbation theory

d2�

dE0d⌦
/ Lµ⌫W

µ⌫

<latexit sha1_base64="3dUDOyn5No8Qy+/XhmSEB74la+s="></latexit>

Wµ⌫ =
⌦
f |Jµ(x0, ~x)J⌫(y0, ~y)|i

↵

<latexit sha1_base64="OhiG8L6KAhle6BLVVg0s+eKefE8="></latexit>

Kinematics of final state 
lepton in detector

Perturbative

All the QCD stuff

Event rate / flux
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It’s hard to imagine

d2�

dE0d⌦
/ Lµ⌫W

µ⌫

<latexit sha1_base64="3dUDOyn5No8Qy+/XhmSEB74la+s="></latexit>

Wµ⌫ =
⌦
f |Jµ(x0, ~x)J⌫(y0, ~y)|i

↵

<latexit sha1_base64="OhiG8L6KAhle6BLVVg0s+eKefE8="></latexit>

Kinematics of final state 
lepton in detector

PerturbativeEvent rate / flux

=
X

n

e�iEn(x
0�y0)⇢µ⌫(En)

<latexit sha1_base64="2ssXEdwUv/gqbxNOfcNSSa7tNEE="></latexit>

6=
X

n

e�En(x
0�y0)⇢µ⌫(En)

<latexit sha1_base64="IBRUE3SkZnq4Ss+VWhxxt7DsKFY="></latexit>

Real-time hadron tensor not simply related to imaginary time version

For strategies and practical challenges see e.g. Hansen, Meyer, Robaina PRD 96 (2017)
Gambino and Hashimoto PRL 125 (2020)



Lattice QCD and νA

Elastic nucleon 
form factors transition form factors

N, ⇡, �

<latexit sha1_base64="tIpn9MuLgAahSxmEGI5NA8YiSMk=">AAAB+XicbVDLSsNAFJ34rPUVdelmsAgupCRS0WVRF66kgn1AE8pketMOnUzCzKRQQv/EjQtF3Pon7vwbJ20W2nrgXg7n3MvcOUHCmdKO822trK6tb2yWtsrbO7t7+/bBYUvFqaTQpDGPZScgCjgT0NRMc+gkEkgUcGgHo9vcb49BKhaLJz1JwI/IQLCQUaKN1LPth3MPewnL+x1wTXp2xak6M+Bl4hakggo0evaX149pGoHQlBOluq6TaD8jUjPKYVr2UgUJoSMygK6hgkSg/Gx2+RSfGqWPw1iaEhrP1N8bGYmUmkSBmYyIHqpFLxf/87qpDq/9jIkk1SDo/KEw5VjHOI8B95kEqvnEEEIlM7diOiSSUG3CKpsQ3MUvL5PWRdWtVS8fa5X6TRFHCR2jE3SGXHSF6ugeNVATUTRGz+gVvVmZ9WK9Wx/z0RWr2DlCf2B9/gCyk5Js</latexit>

Multi-nucleon 
currents

Nucleon / nuclear 
PDFs

LQCD can provide accurate constraints on          cross sections at a wide range of 
energies with complementary strengths and weaknesses to experiment

⌫A
<latexit sha1_base64="gQ41dpatYhEDdrc9ZeTnLe5eEm0=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeqF48VTFtoQ9lsJ+3SzSbsboRS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MBVcG9f9dgpr6xubW8Xt0s7u3v5B+fCoqZNMMfRZIhLVDqlGwSX6hhuB7VQhjUOBrXB0N/NbT6g0T+SjGacYxHQgecQZNVbyuzIjN71yxa26c5BV4uWkAjkavfJXt5+wLEZpmKBadzw3NcGEKsOZwGmpm2lMKRvRAXYslTRGHUzmx07JmVX6JEqULWnIXP09MaGx1uM4tJ0xNUO97M3E/7xOZqLrYMJlmhmUbLEoygQxCZl9TvpcITNibAllittbCRtSRZmx+ZRsCN7yy6ukWat6F9Xaw2WlfpvHUYQTOIVz8OAK6nAPDfCBAYdneIU3RzovzrvzsWgtOPnMMfyB8/kDP7SOUA==</latexit>

See USQCD         white paper: Kronfeld et al Eur. Phys. J. A 55 (2019)⌫A

<latexit sha1_base64="OAaBBsp/AE7daiKJTOB6dRHnYn8=">AAAB/XicbVDLSsNAFL3xWesrPnZuBovgqiRS0WXVjcsK9gFNKJPppB06mYSZiVBD8VfcuFDErf/hzr9xmmahrQcuHM65d+7cEyScKe0439bS8srq2nppo7y5tb2za+/tt1ScSkKbJOax7ARYUc4EbWqmOe0kkuIo4LQdjG6mfvuBSsVica/HCfUjPBAsZARrI/Xsw8zLH8kCntIJ8kSKriY9u+JUnRxokbgFqUCBRs/+8voxSSMqNOFYqa7rJNrPsNSMcDope6miCSYjPKBdQwWOqPKzfPEEnRilj8JYmhIa5erviQxHSo2jwHRGWA/VvDcV//O6qQ4v/YyJJNVUkNmiMOVIx2gaBeozSYnmY0Mwkcz8FZEhlphoE1jZhODOn7xIWmdVt1Y9v6tV6tdFHCU4gmM4BRcuoA630IAmEHiEZ3iFN+vJerHerY9Z65JVzBzAH1ifP5SClU4=</latexit>
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Orders of limits

Imaginary-time 
QCD

Real-time 
lattice QCD

Imaginary-time 
lattice QCD

Real-time QCD
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Orders of limits

Imaginary-time 
QCD

Real-time 
lattice QCD

Imaginary-time 
lattice QCD

Real-time QCD

Usual lattice QCD strategy
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Orders of limits

Imaginary-time 
QCD

Real-time 
lattice QCD

Imaginary-time 
lattice QCD

Real-time QCD

Usual lattice QCD strategy

This talk

Signs of trouble first pointed out in Hoshina, Fujii, Kikukawa, PoS LATTICE2019, 190 (2020)
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The Simple Harmonic Oscillator

SM [x(t)] =

Z
dt

1

2
(@tx(t))

2 � !2

2
x(t)2

<latexit sha1_base64="JaODsf96j9eIOktl9jJIcdyMVH4="></latexit>

SE [x(t)] =

Z
dt

1

2
(@tx(t))

2 +
!2

2
x(t)2

<latexit sha1_base64="7amDl2W6Wvq3Al9SzBKS4WDs2MI="></latexit>

< x0|e�iĤLT |x >=

Z
xLT

=x
0

x0=x

Dx eiSM

<latexit sha1_base64="cvqoqbJCeEHyBbTwRmYWoKn+568="></latexit>

< x0|e�ĤLT |x >=

Z
xLT

=x
0

x0=x

Dx e�SE

<latexit sha1_base64="dVtV6n0XR9rU96pPub9kzGu6l9c="></latexit>

Continuum SHO action:

Path integral definition:

Real-time Imaginary-time
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The lattice SHO

Lattice SHO action

SM (xt) =

LT /a�1X

n=0

1

2a
(xna+a � xna)

2 � !2

2
x2
na

<latexit sha1_base64="qY04j5JAUswAKlTIVPTQT2IVVBk="></latexit>

SE(xt) =

LT /a�1X

n=0

1

2a
(xna+a � xna)

2 +
!2

2
x2
na

<latexit sha1_base64="T6AXbplCn7bnE/sbgmK4rs8TBdc="></latexit>

Lattice SHO path intgerals

Z xLT
=x0

x0=x
Dx eiSM =< x0|

LT /a�1Y

n=0

T̂M |x >

<latexit sha1_base64="IKojJYn4Nfp1UXQP6IHA79S8BL4="></latexit>

Z xLT
=x0

x0=x
Dx e�SE =< x0|

LT /a�1Y

n=0

T̂E |x >

<latexit sha1_base64="f9dm2+f7PJw3+105GPSwZDQ+nmk="></latexit>

Transfer matrix:

D
x0
(n+1)a|T̂M |xna

E
= e

i
2a (xna+a�xna)

2� i!2

2 x2
na

<latexit sha1_base64="we4+lP5iz6FS+s8SgPjgdZaxwUM="></latexit>

D
x0
(n+1)a|T̂E |xna

E
= e�

1
2a (xna+a�xna)

2�!2

2 x2
na

<latexit sha1_base64="bEJbH5TAcimvy75LFXXqSwkN76E="></latexit>



11

Orders of limits

Real-time transfer matrix 
is unitary

For the SHO, the continuum limit commutes with analytic 
continuation between real and imaginary time

T̂M = e�iaV̂ /2e�iaK̂e�iaV̂ /2

<latexit sha1_base64="qnL9FtU29rs6uh3DuWWEKOFqlwM=">AAACJ3icbZDLSgMxFIYz9VbrrerSTbAIbqwzpaIbpehGEKFCb9COw5k0bUMzF5KMUIZ5Gze+ihtBRXTpm5hOu9DWHwI/3zmHk/O7IWdSmeaXkVlYXFpeya7m1tY3Nrfy2zsNGUSC0DoJeCBaLkjKmU/riilOW6Gg4LmcNt3h1bjefKBCssCvqVFIbQ/6PusxAkojJ3/RGYCKa4lzi88xvY+PGKSkkRyXkgnAgFN0kyRzHU6+YBbNVHjeWFNTQFNVnfxrpxuQyKO+IhykbFtmqOwYhGKE0yTXiSQNgQyhT9va+uBRacfpnQk+0KSLe4HQz1c4pb8nYvCkHHmu7vRADeRsbQz/q7Uj1TuzY+aHkaI+mSzqRRyrAI9Dw10mKFF8pA0QwfRfMRmAAKJ0tDkdgjV78rxplIpWuXhyVy5ULqdxZNEe2keHyEKnqIKuURXVEUGP6Bm9oXfjyXgxPozPSWvGmM7soj8yvn8Al76lLw==</latexit>

T̂E = e�aV̂ /2e�aK̂e�aV̂ /2

<latexit sha1_base64="5hgZcmpfJO8VcDZagty8Hira9hQ=">AAACJHicbZDLSgMxFIYz9VbrbdSlm2AR3FhnSkVBhKIIgpsKvUFby5k0bUMzF5KMUIZ5GDe+ihsXXnDhxmcxnc5CWw8E/nz/OSTndwLOpLKsLyOzsLi0vJJdza2tb2xumds7demHgtAa8bkvmg5IyplHa4opTpuBoOA6nDac0dXEbzxQIZnvVdU4oB0XBh7rMwJKo6553h6Ciqpx9xpfYHofHUEC6vFxMU7uGHBCbuN41u+aeatgJYXnhZ2KPEqr0jXf2z2fhC71FOEgZcu2AtWJQChGOI1z7VDSAMgIBrSlpQculZ0oWTLGB5r0cN8X+ngKJ/T3RASulGPX0Z0uqKGc9SbwP68Vqv5ZJ2JeECrqkelD/ZBj5eNJYrjHBCWKj7UAIpj+KyZDEECUzjWnQ7BnV54X9WLBLhVO7kr58mUaRxbtoX10iGx0isroBlVQDRH0iJ7RK3oznowX48P4nLZmjHRmF/0p4/sH+ESjzg==</latexit>

Imaginary-time transfer matrix is 
positive
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The quantum rotator

Same continuum action can be used as free SHO

Free particle constrained to move on a circle

x(t) 2 [0, 2⇡]

<latexit sha1_base64="PyfAqLQcSdJVCpl/lHBqh9iHDZc=">AAAB+nicbVBNS8NAEN34WetXqkcvi0WoICUpFT0WvXisYD+gCWWz3bRLN5uwO1FL7U/x4kERr/4Sb/4bt20O2vpg4PHeDDPzgkRwDY7zba2srq1vbOa28ts7u3v7duGgqeNUUdagsYhVOyCaCS5ZAzgI1k4UI1EgWCsYXk/91j1TmsfyDkYJ8yPSlzzklICRunbhsQSn2OMSd5yzipdwv2sXnbIzA14mbkaKKEO9a395vZimEZNABdG64zoJ+GOigFPBJnkv1SwhdEj6rGOoJBHT/nh2+gSfGKWHw1iZkoBn6u+JMYm0HkWB6YwIDPSiNxX/8zophJf+mMskBSbpfFGYCgwxnuaAe1wxCmJkCKGKm1sxHRBFKJi08iYEd/HlZdKslN1q+fy2WqxdZXHk0BE6RiXkogtUQzeojhqIogf0jF7Rm/VkvVjv1se8dcXKZg7RH1ifP/glkog=</latexit>

Naive discretization breaks periodicity, usual prescription in 
Euclidean is to use different action with same small-a behavior

SM (xt) =
1

a

LT /a�1X

n=0

1� cos(xna+a � xna)

<latexit sha1_base64="IoC5WxwRpX6/xjZHlZbCOK0G9FM="></latexit>

SE(xt) =
1

a

LT /a�1X

n=0

1� cos(xna+a � xna)

<latexit sha1_base64="e2FDZdp0GT9RaWEm3SkLx8KRf5E="></latexit>

Real-time transfer matrix:

T̂ (xt+a, xt) = e
i
a� i

a cos(xt+a�xt) =
1X

k=�1
ei/aIk(�i/a)eik(xt+a�xt)

<latexit sha1_base64="NBM2Kp4ikO70Ynov6zLFY+fddMo="></latexit>
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Non-unitarity
Explicit calculations shows the quantum rotator real-time transfer 

matrix is non-unitary:

But                limits of these eigenvalues ratios do not exist for 
quantum rotators
a ! 0

<latexit sha1_base64="HpTb+qvIWaGpiEc+eeTKqb2BaB8=">AAAB+HicbVBNSwMxEM3Wr1o/uurRS7AInsquVPRY9OKxgv2AdinZNNuGZpMlmVXq0l/ixYMiXv0p3vw3pu0etPXBwOO9GWbmhYngBjzv2ymsrW9sbhW3Szu7e/tl9+CwZVSqKWtSJZTuhMQwwSVrAgfBOolmJA4Fa4fjm5nffmDacCXvYZKwICZDySNOCVip75YJ7mk+HAHRWj1ir+9WvKo3B14lfk4qKEej7371BoqmMZNABTGm63sJBBnRwKlg01IvNSwhdEyGrGupJDEzQTY/fIpPrTLAkdK2JOC5+nsiI7Exkzi0nTGBkVn2ZuJ/XjeF6CrIuExSYJIuFkWpwKDwLAU84JpREBNLCNXc3orpiGhCwWZVsiH4yy+vktZ51a9VL+5qlfp1HkcRHaMTdIZ8dInq6BY1UBNRlKJn9IrenCfnxXl3PhatBSefOUJ/4Hz+AB49kr8=</latexit>

T̂M (x, y)T̂ †
M (y, x0) 6= �(x� x0)

<latexit sha1_base64="34fQdiLmFFZT2pRdWQirSQIEb68="></latexit>

Unitarity requires eigenvalue ratios to have magnitude 1 as a ! 0

<latexit sha1_base64="HpTb+qvIWaGpiEc+eeTKqb2BaB8=">AAAB+HicbVBNSwMxEM3Wr1o/uurRS7AInsquVPRY9OKxgv2AdinZNNuGZpMlmVXq0l/ixYMiXv0p3vw3pu0etPXBwOO9GWbmhYngBjzv2ymsrW9sbhW3Szu7e/tl9+CwZVSqKWtSJZTuhMQwwSVrAgfBOolmJA4Fa4fjm5nffmDacCXvYZKwICZDySNOCVip75YJ7mk+HAHRWj1ir+9WvKo3B14lfk4qKEej7371BoqmMZNABTGm63sJBBnRwKlg01IvNSwhdEyGrGupJDEzQTY/fIpPrTLAkdK2JOC5+nsiI7Exkzi0nTGBkVn2ZuJ/XjeF6CrIuExSYJIuFkWpwKDwLAU84JpREBNLCNXc3orpiGhCwWZVsiH4yy+vktZ51a9VL+5qlfp1HkcRHaMTdIZ8dInq6BY1UBNRlKJn9IrenCfnxXl3PhatBSefOUJ/4Hz+AB49kr8=</latexit>

Real-time 
lattice QCD

Real-time QCD
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Lattice gauge theory
Gauge transformations act on 

matter fields as

Gauge field acts as parallel 
transporter in color space

Gauge invariant building blocks:

Tr

✓ ◆

<latexit sha1_base64="wMp99s63Poyig/EppL3mMV3lAV0="></latexit>

 a
x ! ⌦ab

x  
b
x

<latexit sha1_base64="BfP5YuNCWoypTg5tjCsTY3zGcow=">AAACKXicbVBLSgNBFOyJvxh/UZduGoMgCGFGIroMunGngjGCkwxvOi9Jk54P3T2aMOQQnsMDuNUjuFO3LryGPUkWmljQUFTV4/UrPxZcadv+sHJz8wuLS/nlwsrq2vpGcXPrRkWJZFhjkYjkrQ8KBQ+xprkWeBtLhMAXWPd7Z5lfv0epeBRe60GMjQA6IW9zBtpIXvHAjRVvgtenruSdrgYpowfqXgTYgWYK/jBzsojv9b1iyS7bI9BZ4kxIiUxw6RW/3VbEkgBDzQQodefYsW6kIDVnAocFN1EYA+tBB+8MDSFA1UhHRw3pnlFatB1J80JNR+rviRQCpQaBb5IB6K6a9jLxX0+Zr3SxNbVet08aKQ/jRGPIxtvbiaA6ollttMUlMi0GhgCT3BxAWRckMG3KLZhmnOkeZsnNYdmplI+uKqXq6aSjPNkhu2SfOOSYVMk5uSQ1wsgjeSYv5NV6st6sd+tzHM1Zk5lt8gfW1w+7fqfx</latexit>

⌦x 2 SU(N), U(1)

<latexit sha1_base64="8L2/KohwbbelVJWk2uJY1BKwAd0=">AAACF3icbVDLSgNBEJyNrxhfq57Ey2AQEpCwKxE9Br140ohuEsiGMDvpJENmZ5eZWTGE4Hf4AV71E7yJV49+gb/h5HHQxIKGoqqb7q4g5kxpx/myUguLS8sr6dXM2vrG5pa9vVNRUSIpeDTikawFRAFnAjzNNIdaLIGEAYdq0LsY+dV7kIpF4k73Y2iEpCNYm1GijdS09/zrEDqk+YB9JvCtl7vKH/nYy7n5pp11Cs4YeJ64U5JFU5Sb9rffimgSgtCUE6XqrhPrxoBIzSiHYcZPFMSE9kgH6oYKEoJqDMYvDPGhUVq4HUlTQuOx+ntiQEKl+mFgOkOiu2rWG4n/esqc0oXWzHrdPmsMmIgTDYJOtrcTjnWERyHhFpNANe8bQqhk5gFMu0QSqk2UGZOMO5vDPKkcF9xi4eSmmC2dTzNKo310gHLIRaeohC5RGXmIokf0jF7Qq/VkvVnv1sekNWVNZ3bRH1ifPyKCnds=</latexit>

Ux,µ 2 SU(N), U(1)

<latexit sha1_base64="pHcG5SSnJcD01kXm2ZK9bSd8L5Y=">AAACGHicbVDLSgMxFM3UV62vUXe6CRahhVJmpKLLohtXUtFpC51SMmnahiaZIcmIZSj4HX6AW/0Ed+LWnV/gb5i2s9DWAxcO59zLvfcEEaNKO86XlVlaXlldy67nNja3tnfs3b26CmOJiYdDFspmgBRhVBBPU81IM5IE8YCRRjC8nPiNeyIVDcWdHkWkzVFf0B7FSBupYx94neSh5PN4DH0q4K1XuC6WfOgV3GLHzjtlZwq4SNyU5EGKWsf+9rshjjkRGjOkVMt1It1OkNQUMzLO+bEiEcJD1CctQwXiRLWT6Q9jeGyULuyF0pTQcKr+nkgQV2rEA9PJkR6oeW8i/uspc8qAdOfW6955O6EiijUReLa9FzOoQzhJCXapJFizkSEIS2oegHiAJMLaZJkzybjzOSyS+knZrZRPbyr56kWaURYcgiNQAC44A1VwBWrAAxg8gmfwAl6tJ+vNerc+Zq0ZK53ZB39gff4ACLKeVw==</latexit>

Ux,µ ! ⌦xUx,µ⌦
†
x+µ̂

<latexit sha1_base64="/vzKmeUd8lO0g6wer73gAU5g7Zs="></latexit>

Dab
µ  

b
x = Uab

x,µ 
b
x+µ̂ �  a

x

<latexit sha1_base64="sVKdSxXwVt2kN7Omu7bcTdczSf4="></latexit>

Dµ 
a
x ! ⌦ab

x Dµ 
b
x

<latexit sha1_base64="Uw8z1Pj+GGUO1XVj8wn2JIkicdg="></latexit>

 
a
x+µ̂

<latexit sha1_base64="w2AN7bvJMRV5PLJb32f0x8jhJtk=">AAACHXicbVDLSsNAFJ34rPUVdenCYBEEoSRS0WXRjcsK9gFNDJPJpBk6mQkzE7GELP0OP8CtfoI7cSt+gb/hpO1CWw8MHM65hzv3BCklUtn2l7GwuLS8slpZq65vbG5tmzu7HckzgXAbccpFL4ASU8JwWxFFcS8VGCYBxd1geFX63XssJOHsVo1S7CVwwEhEEFRa8s0Dl2u7TOduKklxB/384cSNocrdJCsK36zZdXsMa544U1IDU7R889sNOcoSzBSiUMq+Y6fKy6FQBFFcVN1M4hSiIRzgvqYMJlh6+fiQwjrSSmhFXOjHlDVWfydymEg5SgI9mUAVy1mvFP/1pP5KjMOZ9Sq68HLC0kxhhibbo4xailtlVVZIBEaKjjSBSBB9gIViKCBSutCqbsaZ7WGedE7rTqN+dtOoNS+nHVXAPjgEx8AB56AJrkELtAECj+AZvIBX48l4M96Nj8nogjHN7IE/MD5/AEcbo6o=</latexit>

Uab
x,µ

<latexit sha1_base64="HGDpSerPFNsMLL97BY9B0wnx2+M=">AAACCnicbVDLTsJAFL3FF+ILdelmIjFxYUhrMLokunGJiQUSKGQ6HWDCdNrMTI2k6R/4AW71E9wZt/6EX+BvOEAXCp7kJifn3Jt77/FjzpS27S+rsLK6tr5R3Cxtbe/s7pX3D5oqSiShLol4JNs+VpQzQV3NNKftWFIc+py2/PHN1G89UKlYJO71JKZeiIeCDRjB2kg9t58+nnXDJOul2M/65YpdtWdAy8TJSQVyNPrl724QkSSkQhOOleo4dqy9FEvNCKdZqZsoGmMyxkPaMVTgkCovnV2doROjBGgQSVNCo5n6eyLFoVKT0DedIdYjtehNxX89ZU4Z0WBhvR5ceSkTcaKpIPPtg4QjHaFpLihgkhLNJ4ZgIpl5AJERlphok17JJOMs5rBMmudVp1a9uKtV6td5RkU4gmM4BQcuoQ630AAXCEh4hhd4tZ6sN+vd+pi3Fqx85hD+wPr8AR66m44=</latexit>

 b
x

<latexit sha1_base64="N7h++8qJdTP3Id9WFzFtFWecf9g=">AAACBHicbVDLSsNAFL2pr1pfVZdugkVwVRKp6LLoxmUF+4A2lsnkph06mYSZiVhCt36AW/0Ed+LW//AL/A2nbRbaeuDC4Zx7ufceP+FMacf5sgorq2vrG8XN0tb2zu5eef+gpeJUUmzSmMey4xOFnAlsaqY5dhKJJPI5tv3R9dRvP6BULBZ3epygF5GBYCGjRBup00sUu/f7j/1yxak6M9jLxM1JBXI0+uXvXhDTNEKhKSdKdV0n0V5GpGaU46TUSxUmhI7IALuGChKh8rLZvRP7xCiBHcbSlND2TP09kZFIqXHkm86I6KFa9Kbiv54ypwwxWFivw0svYyJJNQo63x6m3NaxPU3EDphEqvnYEEIlMw/YdEgkodrkVjLJuIs5LJPWWdWtVc9va5X6VZ5REY7gGE7BhQuoww00oAkUODzDC7xaT9ab9W59zFsLVj5zCH9gff4AT+KY6g==</latexit>

Ux,µ = eiaAµ(x)

<latexit sha1_base64="91zLHbW172bvMQyBbiWMr1n0WCk=">AAACGXicbVDLSgMxFM3UV62vUZfdBItQQcqMVHQjVN24rOC0hbYOmfS2Dc08SDLSMszC7/AD3OonuBO3rvwCf8P0sdDWA4Fzz7mXm3u8iDOpLOvLyCwtr6yuZddzG5tb2zvm7l5NhrGg4NCQh6LhEQmcBeAopjg0IgHE9zjUvcH12K8/gJAsDO7UKIK2T3oB6zJKlJZcM++4yfC45ccpvsBwnzCCL11dFodHqWsWrJI1AV4k9owU0AxV1/xudUIa+xAoyomUTduKVDshQjHKIc21YgkRoQPSg6amAfFBtpPJESk+1EoHd0OhX6DwRP09kRBfypHv6U6fqL6c98biv57UX+lDZ2696p63ExZEsYKATrd3Y45ViMcx4Q4TQBUfaUKoYPoATPtEEKp0mDmdjD2fwyKpnZTscun0tlyoXM0yyqI8OkBFZKMzVEE3qIocRNEjekYv6NV4Mt6Md+Nj2poxZjP76A+Mzx+5bp/x</latexit>
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Wilson loops

WA =
Y

x,µ2@A
Ux,µ =

Y

x2A
Px,µ⌫

<latexit sha1_base64="3acl2mgIfphMyi/EJwKoC3rqv4Y="></latexit>

r
<latexit sha1_base64="/ditv0P57tbrzNZxex6kCXHk8vA=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUUP1yxa26c5BV4uWkAjnq/fJXbxCzNEJpmKBadz03MX5GleFM4LTUSzUmlI3pELuWShqh9rP5oVNyZpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTcmG4C2/vEpaF1Xvsuo2riq12zyOIpzAKZyDB9dQg3uoQxMYIDzDK7w5j86L8+58LFoLTj5zDH/gfP4A3cuM+A==</latexit>

=

⌧ �

<latexit sha1_base64="rtdpbkQFdiU8hC+oTtTq2xEJF7Q="></latexit>

=

⌧ �

<latexit sha1_base64="rtdpbkQFdiU8hC+oTtTq2xEJF7Q="></latexit>

Wilson loops are equivalent to static quark propagators

 (~x,⌧) =
⌧Y

⌧ 0=0

U�1
(~x,⌧ 0),4 (~x,0)

<latexit sha1_base64="nkEAQ0EJiNORaECpXSYLV6Lw3T0="></latexit>

Since by equations of motion

Static quark potential accessible from Wilson loops

hWr⇥⌧ i =
X

n

Zn e�En(r)⌧ = e�V (r)⌧ + . . .

<latexit sha1_base64="/1siWqWl/fDvioZ88XvynCJNpc8="></latexit>

S ,static =
X

x

 xD4 x =
X

x

 x

�
Ux,4 x+4̂ �  x

�

<latexit sha1_base64="t0qab4STPCgZc9s0j/wV8UaVCpc="></latexit>

S ,static

<latexit sha1_base64="9hOvsHiX0SxDis/vKskbo56ckWw=">AAACFHicbVDLSsNAFJ34rPUVFdy4CRbBhZREKrosunFZ0T6gKWUyvWmHTh7M3Igl5jf8ALf6Ce7ErXu/wN9w2mahrQcGDufc1xwvFlyhbX8ZC4tLyyurhbXi+sbm1ra5s9tQUSIZ1FkkItnyqALBQ6gjRwGtWAINPAFNb3g19pv3IBWPwjscxdAJaD/kPmcUtdQ192+7qRsrfuIiPGCqUOssy7pmyS7bE1jzxMlJieSodc1vtxexJIAQmaBKtR07xk5KpR4nICu6iYKYsiHtQ1vTkAagOunk/sw60krP8iOpX4jWRP3dkdJAqVHg6cqA4kDNemPxX0/pUwbQm1mP/kUn5WGcIIRsut1PhIWRNU7I6nEJDMVIE8ok1x+w2IBKylDnWNTJOLM5zJPGadmplM9uKqXqZZ5RgRyQQ3JMHHJOquSa1EidMPJInskLeTWejDfj3fiYli4Yec8e+QPj8weGhZ+H</latexit>
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The Wilson action

WA =
Y

x,µ2@A
Ux,µ =

Y

x2A
Px,µ⌫

<latexit sha1_base64="3acl2mgIfphMyi/EJwKoC3rqv4Y="></latexit>

Px,µ⌫ = Ux,µUx+µ̂,⌫U
�1
x+µ̂+n̂u,µU

�1
x+⌫̂,⌫

<latexit sha1_base64="M1u/sljq09elKFmCPcpS3nkg8MQ="></latexit>

Wilson action provides simple, gauge-invariant action with 
correct naive continuum limit

SW (U) =
1

g2

X

x

X

µ<⌫

Tr
⇥
2� Px,µ⌫ � P�1

x,µ⌫

⇤

<latexit sha1_base64="sWT8kZ5yHXl1w62ohssvbWeLUOs="></latexit>

“Plaquettes” are 1x1 Wilson loops

Wilson loops can be expressed using plaquettes, most simply 
taking open boundary conditions and gauge-fixing  Ux,⌫ = 1

<latexit sha1_base64="5FAj1nIZNImJ1KyMYIViI7T6G5k=">AAACB3icbVBLSgNBEK3xG+Mv6tJNYxBcSJiRiG6EoBuXEZwkkAyhp6eTNOnpHrp7xDDkAB7ArR7Bnbj1GJ7Aa9hJZqGJDwoe71VRVS9MONPGdb+cpeWV1bX1wkZxc2t7Z7e0t9/QMlWE+kRyqVoh1pQzQX3DDKetRFEch5w2w+HNxG8+UKWZFPdmlNAgxn3BeoxgY6W2380eTzsiHV953VLZrbhToEXi5aQMOerd0ncnkiSNqTCEY63bnpuYIMPKMMLpuNhJNU0wGeI+bVsqcEx1kE1PHqNjq0SoJ5UtYdBU/T2R4VjrURzazhibgZ73JuK/nranDGg0t970LoOMiSQ1VJDZ9l7KkZFoEgqKmKLE8JElmChmH0BkgBUmxkZXtMl48zksksZZxatWzu+q5dp1nlEBDuEITsCDC6jBLdTBBwISnuEFXp0n5815dz5mrUtOPnMAf+B8/gD4QZnG</latexit>
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2D Confinement
In 2D, Wilson loop expectation values further factorize into 

products of single-plaquette expectation values

=

⌧ �

<latexit sha1_base64="rtdpbkQFdiU8hC+oTtTq2xEJF7Q="></latexit>

=

⌧ �

<latexit sha1_base64="rtdpbkQFdiU8hC+oTtTq2xEJF7Q="></latexit>

=

⌧�

<latexit sha1_base64="rtdpbkQFdiU8hC+oTtTq2xEJF7Q="></latexit>

=

⌧ �

<latexit sha1_base64="rtdpbkQFdiU8hC+oTtTq2xEJF7Q="></latexit>

=

⌧�

<latexit sha1_base64="rtdpbkQFdiU8hC+oTtTq2xEJF7Q="></latexit>

=

⌧ �

<latexit sha1_base64="rtdpbkQFdiU8hC+oTtTq2xEJF7Q="></latexit>

=

⌧�

<latexit sha1_base64="rtdpbkQFdiU8hC+oTtTq2xEJF7Q="></latexit>

=

⌧�

<latexit sha1_base64="rtdpbkQFdiU8hC+oTtTq2xEJF7Q="></latexit>

Implies confinement

hTr(WA)i =
Y

x2A
hTr(Px)i = hTr(P )iA

<latexit sha1_base64="PmqKev4IzEKZtR7mwAVWQwCZDC0="></latexit>

V (r) = �r

<latexit sha1_base64="nMbeSIzv9ar2X8uwojZ2mqB6VKA=">AAACDXicbVDLSsNAFL2pr1ofjbp0M1iEuimJVHQjFN24rGAf0IYymUzaoZNJmJkIJfQb/AC3+gnuxK3f4Bf4G07bLLT1wIXDOfdy7z1+wpnSjvNlFdbWNza3itulnd29/bJ9cNhWcSoJbZGYx7LrY0U5E7Slmea0m0iKI5/Tjj++nfmdRyoVi8WDniTUi/BQsJARrI00sMvtqjxD16iv2DDCSA7silNz5kCrxM1JBXI0B/Z3P4hJGlGhCcdK9Vwn0V6GpWaE02mpnyqaYDLGQ9ozVOCIKi+bHz5Fp0YJUBhLU0Kjufp7IsORUpPIN50R1iO17M3Efz1lThnRYGm9Dq+8jIkk1VSQxfYw5UjHaBYNCpikRPOJIZhIZh5AZIQlJtoEWDLJuMs5rJL2ec2t1y7u65XGTZ5REY7hBKrgwiU04A6a0AICKTzDC7xaT9ab9W59LFoLVj5zBH9gff4AAh+atw==</latexit>

�U(1) = ln

✓
I0(1/e2)

I1(1/e2)

◆

<latexit sha1_base64="uyA71P8gQxIhZciy8b5L1KXtIo0="></latexit>

�SU(2) = ln

✓
I1(4/g2)

I2(4/g2)

◆

<latexit sha1_base64="KKS+bZYbqVUeLlsDyC+rlCQ3RWo="></latexit>

Confining potential arises for 
any gauge group in 2D from 
factorization

Gross and Witten, PRD 21 (1980)

Wadia, arXiv:1212.2906 (1979)

 Static quark potential

1

N
hTr(WA)i = e��A

<latexit sha1_base64="3a4X3cnS5MNpudyq12WgUZnduE4="></latexit>
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The real-time Wilson action
Wilson action splits into kinetic (timelike plaquettes) and 

potential (spacelike plaquttes) terms

� 1

g2

X

x

X

i<j

Tr
⇥
2� Px,ij � P�1

x,ij

⇤

<latexit sha1_base64="d7Y9/mjRYsfAfQFqwLckvbKiLD4="></latexit>

SM,W (U) =
1

g2

X

x

X

k

Tr
h
2� Px,0k � P�1

x,0k

i

<latexit sha1_base64="TRtd+yuuZWmY/DTh2tX8TebdiBk="></latexit>

Making usual sign flips, a real-time Wilson action is obtained

In (1+1)D only the kinetic term appears, and path integrals are 
simply related between real- and imaginary-time

eiSM,W (U,g2) = e�SE,W (U,ig2)

<latexit sha1_base64="18VXP7Sis3AI4SGG8F9Ji73DSe4=">AAACKHicbZDLSgMxFIYz9VbrrerSTbAIVWqZKRXdCEUR3AgV7QV6I5OeaUMzF5KMUIa+g8/hA7jVR3An3brxNUynXWjrD4Gf75zDyfntgDOpTHNsJJaWV1bXkuupjc2t7Z307l5V+qGgUKE+90XdJhI486CimOJQDwQQ1+ZQswfXk3rtCYRkvveohgG0XNLzmMMoURp10ifQjthDJ7rL1UbZSq7XLhyP8CXW9FTTmyllMe6kM2bejIUXjTUzGTRTuZP+bnZ9GrrgKcqJlA3LDFQrIkIxymGUaoYSAkIHpAcNbT3igmxF8U0jfKRJFzu+0M9TOKa/JyLiSjl0bd3pEtWX87UJ/Lcm9Vf60J1br5yLVsS8IFTg0el2J+RY+XiSGu4yAVTxoTaECqYPwLRPBKFKZ5vSyVjzOSyaaiFvFfNn98VM6WqWURIdoEOURRY6RyV0i8qogih6Rq/oDb0bL8aH8WmMp60JYzazj/7I+PoBFlSkoA==</latexit>
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⌧
1

2
Tr(WA)

�

M,W,SU(2)

=


I1(4i/g2)

I2(4i/g2)

��Lt

<latexit sha1_base64="M6ge/Sg/+8CAP19keaNzbHl0ABo="></latexit>

⌧
1

2
Tr(WA)

�

M,HFK,SU(2)

=


I1(4/g2)

I2(4/g2)

��iLt

<latexit sha1_base64="qA5W8PMvmR4DiePZnaG/TdOxfhU="></latexit>

g2 ! ig2

<latexit sha1_base64="gzVbT4xnLbRqCG4K+h6grQ88XhQ=">AAAB/nicbVBNS8NAEJ3Ur1q/ouLJy2IRPJWkVPRY9OKxgv2ANpbNdpMu3WzC7kYpoeBf8eJBEa/+Dm/+G7dtDtr6YODx3gwz8/yEM6Ud59sqrKyurW8UN0tb2zu7e/b+QUvFqSS0SWIey46PFeVM0KZmmtNOIimOfE7b/uh66rcfqFQsFnd6nFAvwqFgASNYG6lvH4X3VdSTLBxqLGX8iBgySt8uOxVnBrRM3JyUIUejb3/1BjFJIyo04Viprusk2suw1IxwOin1UkUTTEY4pF1DBY6o8rLZ+RN0apQBCmJpSmg0U39PZDhSahz5pjPCeqgWvan4n9dNdXDpZUwkqaaCzBcFKUc6RtMs0IBJSjQfG4KJZOZWRIZYYqJNYiUTgrv48jJpVSturXJ+WyvXr/I4inAMJ3AGLlxAHW6gAU0gkMEzvMKb9WS9WO/Wx7y1YOUzh/AH1ucPAemU4Q==</latexit>

⌧ ! it

<latexit sha1_base64="2HJnVwDJ1c3lt0XGaLfmQs7oe7A=">AAAB/XicbVDLSgNBEJz1GeNrfdy8DAbBU9iViB6DXjxGMA/ILmF2MpsMmZ1ZZnqVGIK/4sWDIl79D2/+jZNkD5pY0FBUddPdFaWCG/C8b2dpeWV1bb2wUdzc2t7Zdff2G0ZlmrI6VULpVkQME1yyOnAQrJVqRpJIsGY0uJ74zXumDVfyDoYpCxPSkzzmlICVOu5hACTDgea9PhCt1QPmGDpuySt7U+BF4uekhHLUOu5X0FU0S5gEKogxbd9LIRwRDZwKNi4GmWEpoQPSY21LJUmYCUfT68f4xCpdHCttSwKeqr8nRiQxZphEtjMh0Dfz3kT8z2tnEF+GIy7TDJiks0VxJjAoPIkCd7lmFMTQEkI1t7di2ieaULCBFW0I/vzLi6RxVvYr5fPbSql6lcdRQEfoGJ0iH12gKrpBNVRHFD2iZ/SK3pwn58V5dz5mrUtOPnOA/sD5/AEdm5UD</latexit>

Wick rotate action

Analytically continue time

⌧
1

2
Tr(WA)

�

E,W,SU(2)

=


I1(4/g2)

I2(4/g2)

��L⌧

<latexit sha1_base64="Yd8HkC4qjzueDmMxcd4A65R3jIY="></latexit>

Non-unitary time 
evolution

The Wilson action is non-unitary
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The HFK action
The non-unitarity of the Wilson real-time transfer matrix was first 

pointed out by Hoshina, Fujii, and Kikukawa (HFK)

The real-time HFK action is defined by replacing the eigenvalues 
with pure phases to give a unitary transfer matrix by construction

Hoshina, Fujii, Kikukawa, PoS LATTICE2019, 190 (2020)

eiSM,HKF (U) = e�
i

a
VW (U)

Y

x,k

"
X

r

[cWr (e2)]i�r(Px,0k)

#

<latexit sha1_base64="LlCPEGr4ishbd7kjMqAtl/t7Yuw="></latexit>

Starting from the character expansion of the Wilson action

e�SE,W (U) = e�
i
aVW (U)

Y

x,k

"
X

r

cWr (e2)�r(Px,0k)

#

<latexit sha1_base64="HIX0pAJVH9WB0nNg3wXqW9CUe2Y="></latexit>
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Wilson and HFK in (1+1)D
Analytic calculations using HFK action in (1+1)D recover exact 

results for analytic continuation of Euclidean Wilson to real time

Analytic results for real-time Wilson action show non-unitary continuum 
limit or have singularities obstructing limit (depends on N)

-�

-� /2

0

� /2

�
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Divergences
HFK action well-defined for analytic calculations, but character 

expansion defining HFK action is a divergent function of gauge field

Rapid phase fluctuations lead to convergence of HFK path 
integrals, but without absolute convergence impossible to 
perform sum over representations using Monte Carlo methods

eiSM,HKF (U) = e�
i

a
VW (U)

Y

x,k

"
X

r

[cWr (e2)]i�r(Px,0k)

#

<latexit sha1_base64="LlCPEGr4ishbd7kjMqAtl/t7Yuw="></latexit>

Pure phase

Non-zero for all r for some or all 
field configurations

Although sum converges exponentially in Euclidean, in Minkowski 
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Consider a path integral with a sign problem

hOiM =
1

ZM

Z

M
DU eiSM (U)

O(U)

<latexit sha1_base64="K4c3iqkKLpv94NTej7TQlOHGQwQ="></latexit>

=
1

ZM

Z

fM
DU eiSM (eU)

O(eU)

<latexit sha1_base64="glSXcZNNgxn7v4xNlYN2fb0Lb7o="></latexit>

=
1

ZM

Z

M
DU J(U) eiSM (eU(U))

O(eU(U))

<latexit sha1_base64="0TX4J1+SecJz9BaTilQmSRFAUvk="></latexit>

Deform the integration contour

=
1

ZM

Z

M
DU |J(U)| e�Im[SM (eU(U))]

O(eU(U))

<latexit sha1_base64="RbYOc9PoObZfRGsbFOCtIa3YAlU="></latexit>

⇥eiRe[SM (eU(U))]+iarg[J(U)]

<latexit sha1_base64="Lv0GamZdgKF1BWWVGsxKno4A02E="></latexit>

Deformed integrand can have less severe sign problem

Alexandru, Basar, Bedaque, 
Warrington, arXiv:2007.05436

Recent review:

Cristoforetti, Di Renzo, 
Scorzato, PRD 86 (2012)
…

Witten, AMS/IP 
Stud.Adv.Math. 50 (2011)

Changing paths
Many previous works:
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A toy sign problem

integral result unaffected by 
contour deormation

Stokes’ theorem + 
holomorphic integrand 

⌘ hQei�

<latexit sha1_base64="ZSam17Z1IwdvDt8Rer0yZ91kFg8=">AAACEnicbVA9SwNBEN3z2/h1ammzGARtwp1EtBAJ2lgaMImQC8feZi5Z3Ptwdy4QjvwGG/+KjYUitlZ2/hs3yRV+PRh4vDfDzLwglUKj43xaM7Nz8wuLS8ulldW19Q17c6upk0xxaPBEJuomYBqkiKGBAiXcpApYFEhoBbcXY781AKVFEl/jMIVOxHqxCAVnaCTfPvDgLhMD6kkI8ZR6EcM+ZzKvj3ygnhK9Pp75XgDIfLvsVJwJ6F/iFqRMClz59ofXTXgWQYxcMq3brpNiJ2cKBZcwKnmZhpTxW9aDtqExi0B38slLI7pnlC4NE2UqRjpRv0/kLNJ6GAWmc3yy/u2Nxf+8dobhSScXcZohxHy6KMwkxYSO86FdoYCjHBrCuBLmVsr7TDGOJsWSCcH9/fJf0jysuNXKUb1arp0XcSyRHbJL9olLjkmNXJIr0iCc3JNH8kxerAfryXq13qatM1Yxs01+wHr/AiQsncg=</latexit>

=

Z ⇡

�⇡

d�

2⇡
ei��f e� cos(�+if) =

D
ei��fe� cos(�+if)�� cos(�)

E

�

<latexit sha1_base64="2czXc9W5oK/183N3mn3XNyqFhYM="></latexit>

Constant vertical deformation: 

Detmold, Kanwar, Lamm, MW, Warrington, arXiv:2101.12668

⌦
ei�

↵
�
=

1

Z

Z ⇡

�⇡

d�

2⇡
ei� e� cos(�) =

I1(�)

I0(�)

<latexit sha1_base64="wBA+lDEuDMa7cIGtX9U9tNhws8o="></latexit>

=
1

Z

Z ⇡

�⇡

d�

2⇡
ei��f e� cos(�+if)

<latexit sha1_base64="NO4vOft5dIuNsFjsysYxxB5aIvA="></latexit>

⌦
ei�

↵
�
=

1

Z

Z ⇡+if

�⇡+if

d�

2⇡
ei� e� cos(�)

<latexit sha1_base64="jUf2PKKuNs5KrdgiEPCxmFCNpGU="></latexit>
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Variance reduction
The variance involves non-holomorphic integrands

Var� [Re Qe] =
⌦
(Re Qe)

2
↵
�
�
⌦
ei�

↵2
�

<latexit sha1_base64="ukgRzajnTv81CPImCMldiVAT9iw="></latexit>

6= Var� [Re ei�]

<latexit sha1_base64="ijqh6owf/Ei5p2iMmZ2XXrmVpS4=">AAACFnicbVDLSgNBEJyN7/iKevQyGAQvhl2J6FH04jGKSYTsGmYnHTNkdnad6RXDsl/hxV/x4kERr+LNv3HyOPgqaCiquunuChMpDLrup1OYmp6ZnZtfKC4uLa+sltbWGyZONYc6j2WsL0NmQAoFdRQo4TLRwKJQQjPsnwz95i1oI2J1gYMEgohdK9EVnKGV2qVdX8EN9RHuMGswnbf9EJC1xsI55D6lcJUJP+mJnAbtUtmtuCPQv8SbkDKZoNYuffidmKcRKOSSGdPy3ASDjGkUXEJe9FMDCeN9dg0tSxWLwATZ6K2cblulQ7uxtqWQjtTvExmLjBlEoe2MGPbMb28o/ue1UuweBplQSYqg+HhRN5UUYzrMiHaEBo5yYAnjWthbKe8xzTjaJIs2BO/3y39JY6/iVSv7Z9Xy0fEkjnmySbbIDvHIATkip6RG6oSTe/JInsmL8+A8Oa/O27i14ExmNsgPOO9f5hif0w==</latexit>
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<latexit sha1_base64="N4HArS8qvcSRWJc6JoDpBO86QTA=">AAACF3icbVDLSgMxFM34rPVVdekmWAQ3lhmp6EYo6sJli/YBnbFk0jttaOZBkhHKMH/hxl9x40IRt7rzb8y0s9DWAyGHc+4lOceNOJPKNL+NhcWl5ZXVwlpxfWNza7u0s9uSYSwoNGnIQ9FxiQTOAmgqpjh0IgHEdzm03dFV5rcfQEgWBndqHIHjk0HAPEaJ0lKvVLF9ooaU8KSR9gBfYLhPjr00uxi2oyGbUPsauCL4Nu2VymbFnADPEysnZZSj3it92f2Qxj4EinIiZdcyI+UkRChGOaRFO5YQEToiA+hqGhAfpJNMcqX4UCt97IVCn0Dhifp7IyG+lGPf1ZNZCjnrZeJ/XjdW3rmTsCCKFQR0+pAXc6xCnJWE+0wAVXysCaGC6b9iOiSCUKWrLOoSrNnI86R1UrGqldNGtVy7zOsooH10gI6Qhc5QDd2gOmoiih7RM3pFb8aT8WK8Gx/T0QUj39lDf2B8/gDlHp8i</latexit>

Detmold, Kanwar, Lamm, MW, Warrington, arXiv:2101.12668
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Deformed observables

hOi =
1

Z

Z

M
DU e�S(U)

O(U)

<latexit sha1_base64="o0h4PYgIlExbtEc03MOcTSJdZx8="></latexit>

=
1

Z

Z

fM
D eU e�S(eU)

O(eU)

<latexit sha1_base64="/mlOFSe8BhqGav59fp/oTiA+23k="></latexit>

=
1

Z

Z

M
DU e�S(U) det

 
@ eU
@U

!
e�S(eU(U))+S(U)

O(eU(U))

<latexit sha1_base64="ZRqyGM2SVzvEpnTl4/xqmIquaE0="></latexit>

Deformed observables method: contour deformations 
without modifying Monte Carlo sampling

⌘ 1

Z

Z

M
DU e�S(U) Q(U)

<latexit sha1_base64="r/or8175xmTC/1hVHTPsnSIOJRM="></latexit>

hOi = hQi

<latexit sha1_base64="og98ICBVNyRmPLYQ5hq6nMGTSP4=">AAACM3icbVDLSgNBEJz1bXxFPXoZDIKnsCsGPaiIXryZgNFANoTZSW92cPbBTK8Qlv0Sv8MP8KpfIN5E8OQ/OEkW0WhBQ1HVTXeXl0ih0bZfrKnpmdm5+YXF0tLyyupaeX3jWsep4tDksYxVy2MapIigiQIltBIFLPQk3Hi350P/5g6UFnF0hYMEOiHrR8IXnKGRuuWaK8HHIzdkGHAms8vcVaIf4Ak9pmOLfnuNnBZmt1yxq/YI9C9xClIhBerd8ofbi3kaQoRcMq3bjp1gJ2MKBZeQl9xUQ8L4LetD29CIhaA72ei9nO4YpUf9WJmKkI7UnxMZC7UehJ7pHJ6qJ72h+K+nzSkB9CbWo3/YyUSUpAgRH2/3U0kxpsMAaU8o4CgHhjCuhHmA8oApxtHEXDLJOJM5/CXXe1Vnv1pr7FdOz4qMFsgW2Sa7xCEH5JRckDppEk7uySN5Is/Wg/VqvVnv49Ypq5jZJL9gfX4Bl7irTQ==</latexit>

Var[O] 6= Var[Q]

<latexit sha1_base64="mCtO2LrDrka/U0sakkXg0fka/ts=">AAACM3icbVDLSgNBEJz1bXxFPXoZDIKnsCsGPQa9eNOAiUJ2CbOTjhmcnV1nesWw7Jf4HX6AV/0C8SaCJ//ByQOJiQUNRVU33V1hIoVB131zZmbn5hcWl5YLK6tr6xvFza2GiVPNoc5jGevrkBmQQkEdBUq4TjSwKJRwFd6e9v2re9BGxOoSewkEEbtRoiM4Qyu1ihUf4QGzBtN5048YdjmT2XkeUF/BHR0z6a9by4NWseSW3QHoNPFGpERGuGgVv/x2zNMIFHLJjGl6boJBxjQKLiEv+KmBhPFbdgNNSxWLwATZ4L2c7lmlTTuxtqWQDtTxiYxFxvSi0Hb2bzSTXl/81zP2lC60J9Zj5zjIhEpSBMWH2zuppBjTfoC0LTRwlD1LGNfCPkB5l2nG0cZcsMl4kzlMk8ZB2TssV2qHperJKKMlskN2yT7xyBGpkjNyQeqEk0fyTF7Iq/PkvDsfzuewdcYZzWyTP3C+fwC5BayO</latexit>

Detmold, Kanwar, MW, Warrington, PRD 102 (2020)
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2D U(1) contour deformations

U(1) Wilson loops are products of toy 
sign problem integrals

Using the parameterization

P = ei� 2 U(1)

<latexit sha1_base64="Lr8AeiE76lWCqFjXVjC3/C+YVGk=">AAACFHicbVDLSsNAFJ3UV62vqODGzWAR6qYkUtGNUHTjsoJ9QFPLZHrTDJ1MwsxEKLG/4Qe41U9wJ27d+wX+htPHQlsPXDiccy/33uMnnCntOF9Wbml5ZXUtv17Y2Nza3rF39xoqTiWFOo15LFs+UcCZgLpmmkMrkUAin0PTH1yP/eYDSMVicaeHCXQi0hcsYJRoI3Xtgxq+xHCfMS8J2Qh7TOB6yT3p2kWn7EyAF4k7I0U0Q61rf3u9mKYRCE05UartOonuZERqRjmMCl6qICF0QPrQNlSQCFQnm9w/wsdG6eEglqaExhP190RGIqWGkW86I6JDNe+NxX89ZU4JoTe3XgcXnYyJJNUg6HR7kHKsYzxOCPeYBKr50BBCJTMPYBoSSag2ORZMMu58DoukcVp2K+Wz20qxejXLKI8O0REqIRedoyq6QTVURxQ9omf0gl6tJ+vNerc+pq05azazj/7A+vwB0RqdQA==</latexit>
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dP

2⇡I0(1/e2)
P e

1
2e2

(P+P�1)

◆A

<latexit sha1_base64="95jNypPI3kEchtc5hBFOU7xvFkQ="></latexit>

=

✓Z ⇡
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2⇡I0(1/e2)
ei� e

1
e2

cos(�)

◆A

<latexit sha1_base64="JJfdyh0zHRYqWCDAA5b1An95Odw="></latexit>

ei� ! ei(�+if)

<latexit sha1_base64="hL8ux4/hjgnZAO2IaVEnh7KRzjc=">AAACJXicbZDLSsNAFIYn9VbrLerSzWARK0JJpKLLohuXFewFmlom05Nm6OTCzEQpIY/gc/gAbvUR3IngyqWv4aTtQqs/DPx85xzOnN+NOZPKsj6MwsLi0vJKcbW0tr6xuWVu77RklAgKTRrxSHRcIoGzEJqKKQ6dWAAJXA5td3SZ19t3ICSLwhs1jqEXkGHIPEaJ0qhvHsJtypzYZxl2BBv6iggR3eOcVnKMjzHD3lHWN8tW1ZoI/zX2zJTRTI2++eUMIpoEECrKiZRd24pVLyVCMcohKzmJhJjQERlCV9uQBCB76eSgDB9oMsBeJPQLFZ7QnxMpCaQcB67uDIjy5Xwth//WpP6KD4O59co776UsjBMFIZ1u9xKOVYTzyPCACaCKj7UhVDB9AKY+EYQqHWxJJ2PP5/DXtE6qdq16el0r1y9mGRXRHtpHFWSjM1RHV6iBmoiiB/SEntGL8Wi8Gm/G+7S1YMxmdtEvGZ/fq2OlJA==</latexit>

Contour deformation analogous to toy 
problem for U(1) Wilson loops

Detmold, Kanwar, MW, Warrington, PRD 102 (2020)
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2D SU(3) contour deformations
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Detmold, Kanwar, Lamm, MW, Warrington, arXiv:2101.12668
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Variance minimization of parameterized deformations is a well-posed 
optimization problem suitable for machine learning techniques

Parameterization and optimization strategies recently explored for 
SU(N)
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Deformations and convergence
Contour deformation methods can also improve convergence of 

real-time unitary actions

X

{n}

Z
DUeiSM (U,n) =

X

{n}

Z
DU J(U) eiSM (eU(U,n),n)

<latexit sha1_base64="zEeW7yKE+mNOCG558R0vaTcOguo="></latexit>

e�Im[SM (eU(U,n),n)]

<latexit sha1_base64="HEfeUr2pZTk5Zb88gC3oDsazHXc="></latexit>

Convergent, but not 
absolutely

(can’t Monte Carlo)

Possibly absolutely 
convergent if cutoff 
provided by

If (and only if) absolutely convergent path integral representation 
exists, can use Monte Carlo to perform joint sum-integral

Kanwar, MW, arXiv:2103.02602
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Convergent U(1) HFK ?
A simple contour deformation appears to provide convergence

�x,0k ! e�x,0k = �x,0k + i sign(rx,k)

<latexit sha1_base64="SStBz4/6a7YXi2FtrUkvOvsWpcA="></latexit>

eiSM,HKF (eU,r) = e�
i

a
VW (eU)

Y

x,k

h
[cWr (e2)]ieirx,k�x,0ke�|rx,k|

i

<latexit sha1_base64="iNry8rgHTSYnNtIZ4JqN0IePnY0="></latexit>

Exponential damping leads to absolute 
convergence everyone on deformed contour

Except on the parts that we implicitly canceled 
in order to shift continuously…

e�x,0k = �x,0k + i↵x,k

<latexit sha1_base64="sCoL18fUiF+ymgUYdHRxNw/+0dg=">AAACH3icbVDLSgMxFM3UV62vUZdugkUQlDIj9bERim5cVrAP6JSSydy2oZkHSUYtw/yJG3/FjQtFxF3/xkxbQVsPBM49515u7nEjzqSyrJGRW1hcWl7JrxbW1jc2t8ztnboMY0GhRkMeiqZLJHAWQE0xxaEZCSC+y6HhDq4zv3EPQrIwuFPDCNo+6QWsyyhRWuqYZ84D80Ax7kHiRH2WdpLHY2uQ4kuclT/VEWbYITzqk0wZpB2zaJWsMfA8saekiKaodswvxwtp7EOgKCdStmwrUu2ECMUoh7TgxBIiQgekBy1NA+KDbCfj+1J8oBUPd0OhX6DwWP09kRBfyqHv6k6fqL6c9TLxP68Vq+5FO2FBFCsI6GRRN+ZYhTgLC3tMAFV8qAmhgum/YtonglClIy3oEOzZk+dJ/aRkl0unt+Vi5WoaRx7toX10iGx0jiroBlVRDVH0hF7QG3o3no1X48P4nLTmjOnMLvoDY/QNTHWifQ==</latexit>

↵ 2 [0, sign(rx,k)]

<latexit sha1_base64="852YEyOyIQMxfrvPh6/PsxvBkGo=">AAACDHicbVDLSgMxFM34rPVVdekmWIQKpcxIRZdFNy4r2AfMDCWTZtrQTGZI7kjL0A9w46+4caGIWz/AnX9j+lho64HA4ZxzubknSATXYNvf1srq2vrGZm4rv72zu7dfODhs6jhVlDVoLGLVDohmgkvWAA6CtRPFSBQI1goGNxO/9cCU5rG8h1HC/Ij0JA85JWCkTqHoEZH0Cfa4xK5d9oANIdO8J8cl1cmG5cH4zDcpu2JPgZeJMydFNEe9U/jyujFNIyaBCqK169gJ+BlRwKlg47yXapYQOiA95hoqScS0n02PGeNTo3RxGCvzJOCp+nsiI5HWoygwyYhAXy96E/E/z00hvPIzLpMUmKSzRWEqMMR40gzucsUoiJEhhCpu/oppnyhCwfSXNyU4iycvk+Z5xalWLu6qxdr1vI4cOkYnqIQcdIlq6BbVUQNR9Iie0St6s56sF+vd+phFV6z5zBH6A+vzB+5fmu0=</latexit>
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Wick rotation regularization
Minkowski action regularized by introducing “Wick rotation” angle

✓ 2 [0,⇡/2]

<latexit sha1_base64="JXJUZ94l6dQ9oAAxhejXYLtX9qw=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSyCC6lJqeiy6MZlBfuAJJTJdNIOnUzCzI1QS/FX3LhQxK3/4c6/cdpmodUDFw7n3Mu994Sp4Boc58sqLC2vrK4V10sbm1vbO/buXksnmaKsSRORqE5INBNcsiZwEKyTKkbiULB2OLye+u17pjRP5B2MUhbEpC95xCkBI3XtAx8GDAj2ucSec+qn/KwadO2yU3FmwH+Jm5MyytHo2p9+L6FZzCRQQbT2XCeFYEwUcCrYpORnmqWEDkmfeYZKEjMdjGfXT/CxUXo4SpQpCXim/pwYk1jrURyazpjAQC96U/E/z8sgugzGXKYZMEnni6JMYEjwNArc44pRECNDCFXc3IrpgChCwQRWMiG4iy//Ja1qxa1Vzm9r5fpVHkcRHaIjdIJcdIHq6AY1UBNR9ICe0At6tR6tZ+vNep+3Fqx8Zh/9gvXxDZ22lAo=</latexit>

✓ = 0

<latexit sha1_base64="H8hQ5UgBKiwhl1TxRx9ky1xDiug=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0YtQ9OKxgv2ANpTNdtMu3Wzi7kQooX/CiwdFvPp3vPlv3LY5aOuDgcd7M8zMCxIpDLrut1NYWV1b3yhulra2d3b3yvsHTROnmvEGi2Ws2wE1XArFGyhQ8naiOY0CyVvB6Hbqt564NiJWDzhOuB/RgRKhYBSt1O7ikCO9dnvlilt1ZyDLxMtJBXLUe+Wvbj9macQVMkmN6Xhugn5GNQom+aTUTQ1PKBvRAe9YqmjEjZ/N7p2QE6v0SRhrWwrJTP09kdHImHEU2M6I4tAselPxP6+TYnjlZ0IlKXLF5ovCVBKMyfR50heaM5RjSyjTwt5K2JBqytBGVLIheIsvL5PmWdU7r17cn1dqN3kcRTiCYzgFDy6hBndQhwYwkPAMr/DmPDovzrvzMW8tOPnMIfyB8/kDmtGPsQ==</latexit>

✓ = ⇡/2

<latexit sha1_base64="S3GUqCwi3hpQdatj3EZG17Q2UIE=">AAAB83icbVBNSwMxEM3Wr1q/qh69BIvgqe6Wil6EohePFewHdJeSTbNtaDYbklmhLP0bXjwo4tU/481/Y9ruQVsfDDzem2FmXqgEN+C6305hbX1jc6u4XdrZ3ds/KB8etU2SaspaNBGJ7obEMMElawEHwbpKMxKHgnXC8d3M7zwxbXgiH2GiWBCToeQRpwSs5PswYkBufMUvav1yxa26c+BV4uWkgnI0++Uvf5DQNGYSqCDG9DxXQZARDZwKNi35qWGK0DEZsp6lksTMBNn85ik+s8oAR4m2JQHP1d8TGYmNmcSh7YwJjMyyNxP/83opRNdBxqVKgUm6WBSlAkOCZwHgAdeMgphYQqjm9lZMR0QTCjamkg3BW355lbRrVa9evXyoVxq3eRxFdIJO0Tny0BVqoHvURC1EkULP6BW9Oanz4rw7H4vWgpPPHKM/cD5/AFvnkT8=</latexit>

Euclidean:

Minkowski:

eiSM,HKF (U) ! e�
i

a
VW (U)

Y

x,k

" 1X

r=�1
[cWr (e2)]e

i✓

eir�x,0k

#

<latexit sha1_base64="IYbD3ODg96oLzkW3hlneMY2y6IA="></latexit>

Sum absolutely convergent for ✓ < ⇡/2

<latexit sha1_base64="5rycXfLpkUCZ1+FJyjBp8XFju1Q=">AAAB9XicbVDLTgJBEJzFF+IL9ehlIjHxhLsEowcPRC8eMZFHwq5kdmhgwuwjM70asuE/vHjQGK/+izf/xgH2oGAlnVSqutPd5cdSaLTtbyu3srq2vpHfLGxt7+zuFfcPmjpKFIcGj2Sk2j7TIEUIDRQooR0rYIEvoeWPbqZ+6xGUFlF4j+MYvIANQtEXnKGRHlwcAjJ6Rd1YnFW6xZJdtmegy8TJSIlkqHeLX24v4kkAIXLJtO44doxeyhQKLmFScBMNMeMjNoCOoSELQHvp7OoJPTFKj/YjZSpEOlN/T6Qs0Hoc+KYzYDjUi95U/M/rJNi/9FIRxglCyOeL+omkGNFpBLQnFHCUY0MYV8LcSvmQKcbRBFUwITiLLy+TZqXsVMvnd9VS7TqLI0+OyDE5JQ65IDVyS+qkQThR5Jm8kjfryXqx3q2PeWvOymYOyR9Ynz8MA5GS</latexit>

1) Regularize with Wick rotation angle

2) Perform contour deformation, enforcing 
cancellations arising from shift symmetry

Small for large |r|

<latexit sha1_base64="cXYy3zyWVvs3F8Bik3hrEledcrQ=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHYNRo9ELx4xyiOBDZkdBpgwO7uZ6TUhC5/gxYPGePWLvPk3DrAHBSvppFLVne6uIJbCoOt+O7m19Y3Nrfx2YWd3b/+geHjUMFGiGa+zSEa6FVDDpVC8jgIlb8Wa0zCQvBmMbmd+84lrIyL1iOOY+yEdKNEXjKKVHiZ60i2W3LI7B1klXkZKkKHWLX51ehFLQq6QSWpM23Nj9FOqUTDJp4VOYnhM2YgOeNtSRUNu/HR+6pScWaVH+pG2pZDM1d8TKQ2NGYeB7QwpDs2yNxP/89oJ9q/9VKg4Qa7YYlE/kQQjMvub9ITmDOXYEsq0sLcSNqSaMrTpFGwI3vLLq6RxUfYq5cv7Sql6k8WRhxM4hXPw4AqqcAc1qAODATzDK7w50nlx3p2PRWvOyWaO4Q+czx+i644K</latexit>

3) Take Minkowski limit on deformed contour

Recipe for real-time path integrals
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Real-time U(1) HFK results
Infinite sum in contour deformed real-time HFK action can be 

performed stochastically with integer-valued auxiliary field

Results consistent with exact (1+1)D analytic continuation

Real-time noisier, contour deform improves but doesn’t completely 
remove sign problem

Z
DU J(U) e�S(eU) =

0

@
Z

DU
X

{r}

1

A e�S(eU,r)

<latexit sha1_base64="13d0KCnD6Byja32Exd4OaW2iYtA="></latexit>
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What about SU(N) ?
Wick rotation of kinetic term still provides regularization

Sum more complicated, involves functions whose magnitudes 
can’t be reduced using vertical deformations

eir� ! sin((r + 1)�)

sin(�)

<latexit sha1_base64="OeNxaSNji4WamJrYdORjmalD8fU=">AAACJHicbVDLSsNAFJ3UV62vqEs3g0VoEUoiFQU3RTcuK9gHNLVMppN26GQSZiZKCfkYN/6KGxc+cOHGb3HSZKGtBwYO55zLnXvckFGpLOvLKCwtr6yuFddLG5tb2zvm7l5bBpHApIUDFoiuiyRhlJOWooqRbigI8l1GOu7kKvU790RIGvBbNQ1J30cjTj2KkdLSwLwgdzGFAjrhmCbQEXQ0VkiI4AE6nkA4diTllYo4tqtpoppkQsYHZtmqWTPARWLnpAxyNAfmuzMMcOQTrjBDUvZsK1T9GAlFMSNJyYkkCRGeoBHpacqRT2Q/nh2ZwCOtDKEXCP24gjP190SMfCmnvquTPlJjOe+l4n9eL1LeeT+mPIwU4Thb5EUMqgCmjcEhFQQrNtUEYUH1XyEeI12O0r2WdAn2/MmLpH1Ss+u105t6uXGZ11EEB+AQVIANzkADXIMmaAEMHsEzeAVvxpPxYnwYn1m0YOQz++APjO8fMTCkiA==</latexit>

Analogous definition of convergent HFK path integrals for lattice 
QCD possible, but we haven’t found it
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The heat-kernel equation

KE,U(1)(e
i�,�e2) =

1X

n=�1
exp


� 1

2e2
(�+ 2⇡n)2

�

<latexit sha1_base64="8ZsQeDLE/6fdEu/E+vSJvqbHrFM="></latexit>

@⌧KE(U, ⌧) = �KE(U, ⌧)

<latexit sha1_base64="xTUG3WiNvGCHyTpPYrt/9kvB9B0=">AAACLHicbVDLSgNBEJyNrxhfqx69DAZBQcKuRPQiBKMgeFEwJpANS+9kYobMPpjpFcKSD/LirwjiwSBe/Q5nYw6+CgaKqm6muoJECo2OM7YKM7Nz8wvFxdLS8srqmr2+cavjVDHeYLGMVSsAzaWIeAMFSt5KFIcwkLwZDOq537znSos4usFhwjsh3EWiJxigkXy77iWgUID0PYSUeiFgn4HMLkf++W5jPxf36Aml3hmXCP/7vl12Ks4E9C9xp6RMprjy7WevG7M05BEyCVq3XSfBTpYHYZKPSl6qeQJsAHe8bWgEIdedbHLsiO4YpUt7sTIvQjpRv29kEGo9DAMzmYfVv71c/M9rp9g77mQiSlLkEfv6qJdKijHNm6NdoThDOTQEmBImK2V9UMDQ9FsyJbi/T/5Lbg8qbrVyeF0t106ndRTJFtkmu8QlR6RGLsgVaRBGHsgTeSVj69F6sd6s96/RgjXd2SQ/YH18AjIwpuw=</latexit>

Eigenbasis of kinetic operator - solutions to “heat-kernel” equation

Generalization of (minus) Laplacian to 
gauge group manifold

Solution for U(1):

Generalization to SU(N) starting point for heat-kernel action

Alternative starting point — Kogut-Susskind Hamiltonian

Ĥ = � g
2

2a

X

x,k

�̂x,k + VW (Û)

<latexit sha1_base64="1VFco0/ToBtra0/dURPRcZfyd0g="></latexit>

Wilson action is in eigenbasis of potential
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The heat-kernel action
Solution for SU(N):

Isotropic Euclidean action with right naive continuum limit:

Ugly but known, 
non-singular  
function

NX

A=1

�A =
NX

A=1

nA = 0

<latexit sha1_base64="EioG/1dqsi5mCPi9AMIpOgtFYDg=">AAACE3icbZDLSsNAFIYn9VbrLerSzWARxEVJpKKbQqsbV1LBXqBJw2Q6bYdOJmFmIpTQd3Djq7hxoYhbN+58G6dpFrb1h4Gf75zDmfP7EaNSWdaPkVtZXVvfyG8WtrZ3dvfM/YOmDGOBSQOHLBRtH0nCKCcNRRUj7UgQFPiMtPzRzbTeeiRC0pA/qHFE3AANOO1TjJRGnnnmyDjwklrFnnTvoBMNabcGK3CO8hRZnlm0SlYquGzszBRBprpnfju9EMcB4QozJGXHtiLlJkgoihmZFJxYkgjhERqQjrYcBUS6SXrTBJ5o0oP9UOjHFUzp34kEBVKOA193BkgN5WJtCv+rdWLVv3ITyqNYEY5ni/oxgyqE04BgjwqCFRtrg7Cg+q8QD5FAWOkYCzoEe/HkZdM8L9nl0sV9uVi9zuLIgyNwDE6BDS5BFdyCOmgADJ7AC3gD78az8Wp8GJ+z1pyRzRyCORlfvzI+m9A=</latexit>

Eigenvalue phases

SU(N) constraint:

e�SE,HK(U) =
Y

x,µ<⌫

KE

✓
Px,µ⌫ ,

g2

2

◆

<latexit sha1_base64="+u0WQMzXKqtyu4jX6LcqyZ3qxUk="></latexit>

KE,SU(N)

✓
U,

g2

2

◆
=

1X

nA=�1
J ({�}, {n}) exp


� 1

g2
(�A + 2⇡nA)2

�

<latexit sha1_base64="D6wFcVog3dvHQct/Y72pxMFW82U="></latexit>
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The Schrödinger equation
Analytic continuation of heat-kernel equation gives Schrödinger 

equation on gauge group

i@tKM (U, t) = ��KM (U, t)

<latexit sha1_base64="hrfsssL0Nx1WiyI7LudfUzbackE=">AAACJnicbVDLSgNBEJz1GeNr1aOXwSAoaNgVRS+BoB4EESIYFbJh6Z1MksHZBzO9QljyNV78FS8eIiLe/BRnkxx8pGCgqOpmqitIpNDoOJ/W1PTM7Nx8YaG4uLS8smqvrd/qOFWM11ksY3UfgOZSRLyOAiW/TxSHMJD8Lng4y/27R660iKMb7CW8GUInEm3BAI3k2xVBvQQUCpA+Ui8E7DKQ2WXfv9qp7+EurdB96p1ziTDB9e2SU3aGoP+JOyYlMkbNtwdeK2ZpyCNkErRuuE6CzSwPwCTvF71U8wTYA3R4w9AIQq6b2fDMPt02Sou2Y2VehHSo/tzIINS6FwZmMk+q/3q5OMlrpNg+aWYiSlLkERt91E4lxZjmndGWUJyh7BkCTAmTlbIuKGBomi2aEty/J/8ntwdl97B8dH1Yqp6O6yiQTbJFdohLjkmVXJAaqRNGnsgLGZA369l6td6tj9HolDXe2SC/YH19A2sDo+A=</latexit>

Euclidean solution can be analytically continued straightforwardly

KM,U(1)(e
i�, e2) =

1X

n=�1
exp


i

2e2
(�+ 2⇡n)2

�

<latexit sha1_base64="64HPaR+b0DuNcqq/SqY4exmp/5M="></latexit>

KM,SU(N)

✓
U,

g2

2

◆
=

1X

nA=�1
J ({�}, {n}) exp


i

g2
(�A + 2⇡nA)2

�

<latexit sha1_base64="VNVTVqE8ptkgCkMew+JlRzRFIyg="></latexit>
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More divergences

Non-vanishising 
for large n

KM,SU(N)

✓
U,

g2

2

◆
=

1X

nA=�1
J ({�}, {n}) exp


i

g2
(�A + 2⇡nA)2

�

<latexit sha1_base64="VNVTVqE8ptkgCkMew+JlRzRFIyg="></latexit>

KM,U(1)(e
i�, e2) =

1X

n=�1
exp


i

2e2
(�+ 2⇡n)2

�

<latexit sha1_base64="64HPaR+b0DuNcqq/SqY4exmp/5M="></latexit>

Minkowski analog of heat-kernel action

eiSM,HK(U) =
Y

x,k

KM

✓
Px,0k,

g2

2

◆ Y

x,i<j

KM

✓
Px,µ⌫ ,�

g2

2

◆

<latexit sha1_base64="kDRSJLignaMXIMP6zAYnuBFhnSM="></latexit>

Includes different but analogously divergent series

Field configurations with infinitely many winding numbers all 
contribute to path integrals, suppressed by rapid phase fluctuations
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KM,SU(N)

✓
U,

g2

2

◆
=

1X

nA=�1
J ({�}, {n}) exp


i

g2
(�A + 2⇡nA)2

�

<latexit sha1_base64="VNVTVqE8ptkgCkMew+JlRzRFIyg="></latexit>

No symmetries lost by changing potential term

Divergence now only arises in kinetic term and takes the form of 
sum over Gaussian phases (times ugly but known function)

The  actionHK

eiSM,HK
(U) = e�iaVW (U)

Y

x,k

KM

✓
Px,0k,

g2

2

◆

<latexit sha1_base64="w6rQFAIvvjQPP276zUGhjtjYKcI="></latexit>

Amenable to same strategy as U(1) HFK: 
    1) regularize kinetic term 
    2) deform integration contour to provide convergence 
    3) remove regulator
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Convenient variables
In order to perform contour deformations on eigenvalue phases, 

we need a few changes of variables

Temporal boundary conditions or Euclidean segments can be used 
to solve equations of motion for links in terms of plaquettes

{Ux,µ, nA
x,k} $ {Px,0k, Ux,0, nA

x,k}

<latexit sha1_base64="qjK1+MSwRUI0XPJDnDxcIc5mWuc="></latexit>

Eigenvector matrices             can be “integrated in” freely

{Ux,µ, nA
x,k} $ {�A

x,0k, Vx,0k, Ux,0, nA
x,k}

<latexit sha1_base64="q6Hgot2Ang+hYDjG8/QbNSWLVG0="></latexit>

Vx,0k

<latexit sha1_base64="Dqf1vwHlocqk+Endzb2UFjLcMdQ=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgQcKuRPQY9OIxgnlAsoTZSScZMju7zsyKYclPePGgiFd/x5t/4yTZgyYWNBRV3XR3BbHg2rjut5NbWV1b38hvFra2d3b3ivsHDR0limGdRSJSrYBqFFxi3XAjsBUrpGEgsBmMbqZ+8xGV5pG8N+MY/ZAOJO9zRo2VWo1u+nTmjibdYsktuzOQZeJlpAQZat3iV6cXsSREaZigWrc9NzZ+SpXhTOCk0Ek0xpSN6ADblkoaovbT2b0TcmKVHulHypY0ZKb+nkhpqPU4DGxnSM1QL3pT8T+vnZj+lZ9yGScGJZsv6ieCmIhMnyc9rpAZMbaEMsXtrYQNqaLM2IgKNgRv8eVl0jgve5XyxV2lVL3O4sjDERzDKXhwCVW4hRrUgYGAZ3iFN+fBeXHenY95a87JZg7hD5zPH618j74=</latexit>

Correlations from SU(N) constraint can be diagonalized

{Ux,µ, nA
x,k} $ { A

x,0k, Vx,0k, Ux,0, mA
x,k}

<latexit sha1_base64="/V7/Lq1jiKDWzl/UOpcf7nzasiU="></latexit>

A = 1, . . . , N

<latexit sha1_base64="oSK+aMTPT2fswpv9Yvfp81LRq68=">AAAB9XicbVBNS8NAEN3Ur1q/qh69LBbBQymJVPQiVL14kgr2A9pYNptNu3STDbsTpYT+Dy8eFPHqf/Hmv3Hb5qCtDwYe780wM8+LBddg299Wbml5ZXUtv17Y2Nza3inu7jW1TBRlDSqFVG2PaCZ4xBrAQbB2rBgJPcFa3vB64rcemdJcRvcwipkbkn7EA04JGOnhEl9gp9wVvgRdvu0VS3bFngIvEicjJZSh3it+dX1Jk5BFQAXRuuPYMbgpUcCpYONCN9EsJnRI+qxjaERCpt10evUYHxnFx4FUpiLAU/X3REpCrUehZzpDAgM9703E/7xOAsG5m/IoToBFdLYoSAQGiScRYJ8rRkGMDCFUcXMrpgOiCAUTVMGE4My/vEiaJxWnWjm9q5ZqV1kceXSADtExctAZqqEbVEcNRJFCz+gVvVlP1ov1bn3MWnNWNrOP/sD6/AFdZJEl</latexit>

A = 1, . . . , N � 1

<latexit sha1_base64="Eo7f0n2oSlmyPl7nTl/wQkWCxGc=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69LBbBQy2JVPQiVL14kgr2A9pQNpttu3STDbubQgn9J148KOLVf+LNf+O2zUFbHww83pthZp4fc6a043xbuZXVtfWN/GZha3tnd8/eP2gokUhC60RwIVs+VpSziNY105y2Yklx6HPa9Id3U785olIxET3pcUy9EPcj1mMEayN1bfsGXSO31OGB0Kr0cOZ27aJTdmZAy8TNSBEy1Lr2VycQJAlppAnHSrVdJ9ZeiqVmhNNJoZMoGmMyxH3aNjTCIVVeOrt8gk6MEqCekKYijWbq74kUh0qNQ990hlgP1KI3Ff/z2onuXXkpi+JE04jMF/USjrRA0xhQwCQlmo8NwUQycysiAywx0SasggnBXXx5mTTOy26lfPFYKVZvszjycATHcAouXEIV7qEGdSAwgmd4hTcrtV6sd+tj3pqzsplD+APr8we2GJHI</latexit>
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Convergent SU(N) HK
Wick rotated heat-kernel kinetic term in nice variables

G ⇠ e�C|n|

<latexit sha1_base64="P4xCJVlBNJ5F0mwtVBjj1quGgqg=">AAACDnicbVDLSsNAFJ34rPUVdelmsBTcWBKp6LLYhS4r2Ac0sUymk3boZBJmJkJJ8wVu/BU3LhRx69qdf+OkDaKtBy4czrmXe+/xIkalsqwvY2l5ZXVtvbBR3Nza3tk19/ZbMowFJk0cslB0PCQJo5w0FVWMdCJBUOAx0vZG9cxv3xMhachv1TgiboAGnPoUI6Wlnll2AqSGGLHkKoWOpAEkd8nJj1hP4YRP0p5ZsirWFHCR2DkpgRyNnvnp9EMcB4QrzJCUXduKlJsgoShmJC06sSQRwiM0IF1NOQqIdJPpOyksa6UP/VDo4gpO1d8TCQqkHAee7szulPNeJv7ndWPlX7gJ5VGsCMezRX7MoAphlg3sU0GwYmNNEBZU3wrxEAmElU6wqEOw519eJK3Til2tnN1US7XLPI4COARH4BjY4BzUwDVogCbA4AE8gRfwajwaz8ab8T5rXTLymQPwB8bHN29fnF4=</latexit>

G = J ({�}, {n})
N�1Y

A=1

e
i
g2
⇢A( A+2⇡mA)2

<latexit sha1_base64="EArWx/pd/oX8UKj7zNV57WPCdk0="></latexit>

n-dependent contour deformation:

Provides exponential convergence 
everywhere except in neighborhood 
of endpoints
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Convergent SU(N) HK
Wick rotation provides absolutely convergence everywhere on 

deformed contour

G ! J ({�}, {n})
N�1Y

A=1

e
� 1

g2
e�i✓⇢A( A+2⇡mA)2

<latexit sha1_base64="lOW5Hj94crWTaDMCgjnwwsZcsCM="></latexit>

Blue contours cancel by shift symmetry for all Wick rotation angle

After enforcing cancellation of blue segments, sum-integral on pink 
contour is absolutely convergent for all gauge field values

Absolutely convergent SU(N) path integrals defined by taking 
Minkowski limit after cancelling blue contours
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Similar stochastic sampling of auxiliary integer variables works for 
heat-kernel action 

Correspondingly no signal-to-noise degradation of 

For n=0 terms (dominant in classical approximation), this contour 
deform completely removes sign problem
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<latexit sha1_base64="Yo9uYPvudshI8adFm/wJLYhA5Ds=">AAACD3icbVDJSgNBEO1xjXGLevTSGBRPYUYUPagEvXgR4hIjZMbQ06lJGnsWumvEMOQPvPgrXjwo4tWrN//GznLQ6IOCx3tVVNXzEyk02vaXNTY+MTk1nZvJz87NLywWlpavdJwqDlUey1hd+0yDFBFUUaCE60QBC30JNf/2uOfX7kBpEUeX2EnAC1krEoHgDI3UKGy4EgLcp3CTCRfhHrNz6NYvGqdel7pKtNp4SA+o0ygU7ZLdB/1LnCEpkiEqjcKn24x5GkKEXDKt646doJcxhYJL6ObdVEPC+C1rQd3QiIWgvaz/T5euG6VJg1iZipD21Z8TGQu17oS+6QwZtvWo1xP/8+opBnteJqIkRYj4YFGQSoox7YVDm0IBR9kxhHElzK2Ut5liHE2EeROCM/ryX3K1VXK2Sztn28Xy0TCOHFkla2STOGSXlMkJqZAq4eSBPJEX8mo9Ws/Wm/U+aB2zhjMr5Besj2+nppvD</latexit>

e
i

2e2
�2

! e�
1

2e2
�2

<latexit sha1_base64="ehw6RR0ibgl7r+zmN8uJ7DmQUnY=">AAACKXicbVDLSgMxFM3UV62vqks3wSK4scyUii6LblxWsA/otCWT3umEZjJDklHK0N9x46+4UVDUrT9iOu1CWw+EHM45l+QeL+ZMadv+tHIrq2vrG/nNwtb2zu5ecf+gqaJEUmjQiEey7REFnAloaKY5tGMJJPQ4tLzR9dRv3YNULBJ3ehxDNyRDwXxGiTZSv1iDXur6ktCUTdIK9CoT7MYBy27JhoEmUkYP2KTOZjFnIdYvluyynQEvE2dOSmiOer/46g4imoQgNOVEqY5jx7qbEqkZ5TApuImCmNARGULHUEFCUN0023SCT4wywH4kzREaZ+rviZSESo1DzyRDogO16E3F/7xOov3LbspEnGgQdPaQn3CsIzytDQ+YBKr52BBCJTN/xTQgphBtyi2YEpzFlZdJs1J2quXz22qpdjWvI4+O0DE6RQ66QDV0g+qogSh6RM/oDb1bT9aL9WF9zaI5az5ziP7A+v4B+RSnDQ==</latexit>

Real-time U(1)  resultsHK
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Similar sampling strategies work for SU(3)

For n=0 terms, contour deform similarly removes Gaussian phase 
fluctuations

Real-time SU(3)  resultsHK

Remaining phase fluctuations from Jacobian and heat-kernel 
prefactor, partition function sign problem observed to be mild
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Conclusions

A convergent, unitary action can be 
constructed for real-time lattice 
gauge theory

Many interesting 
questions about 
gauge theory involve 
challenges from sign 
problems
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Path integral contour deforms can 
improve the sign problem, 
remaining challenge for (3+1)D


